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MANUSCRIPT
Automorphisms of 3-folds of general type acting trivially on
cohomology
Hang Zhao
Abstract. Let X be a minimal projective complex 3-fold of general type
with canonical Gorenstein singularities and Aut0(X) be the subgroup of au-
tomorphisms acting trivially on H∗(X,Q). We prove that if X has maximal
Albanese dimension, |Aut0(X)| 6 6. Then we concern the class of complex
varieties X = (C1 ×C2 × · · · ×Cd)/G (d > 2) isogenous to a (higher) product
of unmixed type with each q(Ci/G) > 1. The main result of this paper is
that if the irregularity q(X) > d+1, Aut0(X) is trivial. Moreover, in the case
d = 3, let (C1 ×C2 ×C3)/G itself be the minimal realization of X and Ki be
the subgroup of G acting identity on Ci, we show that if G is abelian, every
Ki is cyclic and q(X) = 3, then Aut0(X) ∼= Zk2 with k = 0, 1, 2. In the end
some examples of complex 3-folds with Aut0(X) ∼= Z2 and Z22 are provided.
1. Introduction
An approach to study the holomorphic automorphisms of a compact complex man-
ifold is to look at the induced action on its cohomologies; the favorite coefficient of
its cohomologies is the rational number Q. It is interesting to understand to what
extend topology determines geometry. Concretely, we can ask a question: Given a
holomorphic automorphsim φ of a compact complex manifold X , suppose that the
induced homomorphism φ∗ : H∗(X,Q)→ H∗(X,Q) is identity, is the original map
φ identity?
If this is true, X is said to be rationally cohomologically rigidified and φ is
said to be numerically trivial. The answer to the above question is NO on usual.
For instance, if its holomorphic automorphism group Aut(X) has positive dimen-
sion, the neutral component Aut0(X) of Aut(X) is generally non-trivial. Thus, it’s
reasonable to assume that Aut(X) is finite; when X is of general type, Aut(X) is
always finite.
Some of the recent results about surfaces are given by many authors. It is known
that K3 surfaces are rationally cohomologically rigidified, see [2, 5]. For Enriques
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surfaces S either it is cohomologically rigidified or Aut0(S) is a group of order
2. The latter case has been completely classified, see [25, 26]; For proper elliptic
surfaces S either Aut0(S) is trivial or it is isomorphic to one of groups Zn(n 6
3),Z⊕22 ,Z
⊕3
2 ,S3(the symmetry group of a set with three elements) depending on
the numerical condition on χ(OS), see [9, 28]; For surfaces of general type, due
to its own complexity, only partial results are discovered, see [6, 7, 8, 27, 28] for
more details. In particular, irregular surfaces of general type have been studied by
several authors in [10, 11, 12, 13].
The aim of this paper is to study the numerically trivial automorphisms of
3-folds of general type. Let X be a minimal canonical Gorenstein 3-fold of general
type; we begin with a general result about a bound of |Aut0(X)|.
Theorem 1.1 (Theorem 3.1). Let X be a minimal complex projective Goren-
stein canonical 3-fold of general type. If X has maximal Albanese dimension then
|Aut0(X)| 6 6. Moreover, if X is smooth and KX is ample, then |Aut0(X)| 6 5.
Our proof is inspired by [12, 13]: precisely, it starts with the observation that
the Albanese map of X factors through the quotient map X → X/Aut0(X), since
Aut0(X) acts trivially on the Albanese variety of X ; for a suitable resolution Y¯ of
X/Aut0(X) we compare Vol(KX) and Vol(KY¯ ) to derive the bound of |Aut0(X)|
by using the Bogomolov-Miyaoka-Yau inequality [24, Theorem 1.1] and the gener-
alized Severi inequality [1, 32], where Vol(KX) (resp. Vol(KY¯ )) is the canonical
volume of X (resp. Y¯ ). The assumption that X having Gorenstein canonical sin-
gularities is essential; we construct series 3-folds {Xn}n∈N such that |Aut0(Xn)|
have no bound, see Example 3 in Section 5 for the construction.
It is renowned that compact Riemann surfaces of genus g > 2 is rationally
cohomologically rigidified. The following theorem is a sort of generalization of this
fact to vaieties isogenus to a product of unmixed type; that is a variety introduced
by Catanese in [14] which is a quotient of a product of curves of genus at least 2
by a finite group acting freely and diagonally.
Theorem 1.2 (Theorem 4.4). Let X be a complex variety of dimension d
isogenous to a higher product of unmixed type. If the irregularity q(X) > d+1 then
X is rationally cohomologically rigidified.
This theorem follows from the result in the paper [13, Proposition 3.4]: a non-
singular complex general type variety V of dimension d which admits a fibration
f : V → C onto a curve C of genus g > 2 is rationally cohomologically rigidi-
fied under the assumption that Aut(F ) acting faithfully on H0(ωF ), where F is a
general fibre of f . Let (C1 × · · · × Cd)/G be the minimal realization of X . Since
q(X) > d+1 there at least one i such that g(Ci/G) > 2. We apply above result to
the fibration fi : X → Ci/G induced by the natural projection C1× · · ·×Cd → Ci.
As a general fibre F of fi is a product of curves with g > 2, Aut(F ) acts faithfully
on H0(ωF ) can be showed by induction on d.
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It is worth pointing out that this is not true for the case q(X) = d > 2, since
there exist series surfaces S of general type with q(S) = 2 whose Aut0(S) is non-
trivial. In these papers [13, 23] both authors show that Aut0(S) ∼= Z2 if and only
if S is a surface isogenous to a product of unmixed type.
A new phenomenon occurs in the case of 3-folds: in their minimal realization
the group G does not act faithfully on each curve Ci. Denote by Ki the subgroup
of G which acts trivially on Ci; the appearance of Ki is a difficulty for working
out this problem by using our method; so far only the case all the Ki being cyclic
group can be solved.
Theorem 1.3 (Theorem 4.1). Let X be a 3-fold isogenous to a (higher) product
of unmixed type and (C1 × C2 × C3)/G be its minimal realization. Suppose G is
abelian and X has maximal Albanese dimension. If q(X) > 4, then X is rationally
cohomologically rigidified; if q(X) = 3 and each Ki is cyclic, then Aut0(X) ∼= Z
k
2
for some k = 0, 1, 2.
Here, we give main ideas of the proof of the above theorem. The case q(X) >
4 is a consequence of Theorem 1.2; to prove the case q(X) = 3 we need two
intermediate results:
(a) numerically trivial automorphisms of X can be lifting to Aut(C1 × C2 × C3)
(see Proposition 4.6);
(b) automorphisms of X acting trivially on H3,0(X) are numerically trivial (see
Proposition 4.9).
We explain (a): restricting the G-action we obtain homomorphisms ρi : G →
Aut(Ci) with kernels Ki := Ker(ρi). The algebraic datum of X introduced by
Frapporti and Gleißner in [17] is a seven tuple
A = (G,K1,K2,K3,V1,V2,V3)
where Vi is a generating vector for the group G/Ki (see Definition 2.11); it de-
termines the minimal realization of X uniquely. We will show that the group of
automorphisms of X induced by Aut(C1×C2×C3) can be identified with the group
A˜ut(X) := (G×G×G)/K∆G, where K := K1×K2×K3 and ∆G is the diagonal
subgroup of G×G×G (see Lemma 4.5), and Aut0(X) ⊆ A˜ut(X) (see Proposition
4.6).
To see (b), using the Ku¨nneth theorem, we can express each A˜ut(X)-action on
the Hodge summand Hp,q(X) of Hp+q(X,C) in terms of the G-actions on H1,0(Ci)
induced by ρi (see Lemma 4.8). The key observation here is that each H
p,q(X)
decomposes into irreducible A˜ut(X)-modules
Hs1,t1(C1)
χ1 ⊗Hs2,t2(C2)
χ2 ⊗Hs3,t3(C3)
χ3
with
∑
si = p and
∑
ti = q; the characters χi ∈ G
∗ satisfy
(1) if χi is not trivial χi(σi) 6= 1 for some σi ∈ G having fixed points on Ci;
(2) Ki ⊆ Ker(χi) for all i = 1, 2, 3;
(3) χ3 = χ1χ2.
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The set of characters χ1⊗χ2⊗χ3 above will be denoted by I; there is a one-to-one
correspondence of I to the set of irreducible A˜ut(X)-submodules of Hp,q(X). From
this we can deduce that Aut0(X) = Ker(ϕ3,0) (see Proposition 4.9), where ϕ3,0 is
the representation of A˜ut(X) on H3,0(X).
By similar arguments of Theorem 1.1 we obtain |Aut0(X)| 6 4. It suffices
to show that Aut0(X) is 2-elementary abelian group. Fix non-trivial element
σ˜i ∈ G/Ki having fixed points on Ci for each i. Consider the set of characters
I(σ˜1, σ˜2, σ˜3) = {χ1⊗χ2⊗χ3 ∈ I|χi(σ˜i) 6= 1 for all i} and the group G˜(σ˜1, σ˜2, σ˜3) =
(
⋂
ψ∈I(σ˜1,σ˜2,σ˜3)Ker(ψ))/K∆G. With the help of the two results (a) and (b) it fol-
lows that Aut0(X) ⊆ G˜(σ˜1, σ˜2, σ˜3). We will show that the latter is a 2-elementary
abelian group (see Proposition 4.11); so is Aut0(X).
As an application of Theorem 1.3 we construct some examples of 3-folds X
isogenous to a product of unmixed type with Aut0(X) ∼= Z2 and Z2⊕Z2 in Section
5. Finally we conjecture that for 3-folds isogenuous to a product of curves, not
necessary unmixed type, having maximal Albanese dimension, its Aut0(X) is either
trivial or isomorphic to Z2 or Z2 ⊕ Z2.
Acknowledgement. The author would like to thank his adivisor Jinxing Cai
for constant support and encouragement, and he also would like to thank Wenfei
Liu, Lei Zhang and Yifan Chen for useful suggestions and discussions during the
conference at Xiamen University in June, 2018. He would like to than Xiamen
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2. Notations and preliminaries
Varieties are always assumed to be normal and quasi-projective, over algebraically
closed field of characteristic zero or the complex numbers C; a 3-fold X is projective
variety of dimension 3.
For a smooth variety, we denoteKX , ωX ,Pic
0(X), ci(X), χ(F), q(X) the canon-
ical divisor, the canonical sheaf, the abelian variety parametrizing algebraically
trivial line bundle on X , the i-th chern class, the holomorphic Euler characteristic
of the OX -module F , the irregularity of X .
Let Aut(X) be the regular (holomorphic) automorphism group of X , the in-
duced action on its cohomology ring H∗(X,Q) is a representation ρX : Aut(X)→
GL(H∗(X,Q)). We denote Aut0(X) = Ker(ρX), the group of automorphisms of X
which acting trivially on its cohomologies.
For a finite group G, we denote by G∗ the set of irreducible characters on G.
When G is abelian, G∗ is isomorphic to G and it is called the dual group of G. For
an element g of G, we denote o(g) the order of g. If G acts faithfully on a variety
X , we denote by XG = {x ∈ X |gx = x for some 1 6= g ∈ G}. The rank of an
abelian group G is the smallest number of its generators.
2.1. Canonical Gorenstein singularity. For a normal variety X of dimen-
sion n with singularities, we denote X0 as its non-singular part, then the canonical
sheaf ωX0 make sense, i.e. the determinant of its cotangent bundle. Let j : X0 → X
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be the inclusion morphism, we define the canonical sheaf of X as ωX = j∗(ωX0),
which is torsion free and divisorial, the associated divisor KX is defined as the
canonical divisor of X .
Definition 2.1. A variety X is said to have canonical singularities of index r
for some integer r > 1 if the following two conditions hold:
(1) rKX is Cartier;
(2) for any non-singular resolution f : Y → X and {Ei} the family of all
exceptional prime divisors of f then
rKY = f
∗(rKX) +
∑
aiEi, with ai > 0.
Remark 2.2. If the variety X has rational singularities, for example the quo-
tient singularities, for any non-singular resolution f : Y → X we have Rif∗OY = 0
for i > 0 and f∗OY = OX . The Leray spectral sequence
Ei,j2 := H
i(X,Rjf∗OY )⇒ Hi+j(Y,OY )
degenerate at E2-page, we get χ(X,OX) = χ(X, f∗OY ) = χ(Y,OY ).
Since rational singularities are Cohen-Macaulay, using the Serre duality, we get
χ(X,ωX) = χ(Y, ωY ).
2.2. Volume of divisors.
Definition 2.3. Let X be a projective variety of dimension n, and let D be an
integral divisor on X. The volume of D defined to be the non-negative real number
VolX(D) = lim sup
m→∞
n!h0(X,OX(mD))
mn
If D is a Q-divisor, the volume of D defined as VolX(D) =
1
an
VolX(aD) for some
a ∈ N such that aD is integral.
Proposition 2.4. [22, Proposition 2.2.43] Let X be a normal projective variety
of dimension n. If X has canonical singularities and ν : X ′ → X is a non-singular
resolution of X, then
VolX′(KX′) = VolX(KX)
Remark 2.5. Notice that VolX(D) > 0 if and only if D is big. If D is nef,
then it follows from the asymptotic Riemann-Roch that VolX(D) = D
n. If F is an
effective divisor on X, we have VolX(D) 6 VolX(D + F ).
2.3. Galois covering of curves. We recall some facts about the Galois cov-
ering of algebraic curves. We refer the reader to [4, Section 2], [3, Chapter 3] and
[29, Section 1] for more details.
Definition 2.6. Let G be a finite group and let
g′ > 0, mr > mr−1 > . . . > m1 > 2
be integers. A generating vector for G of type [g′;m1, . . . ,mr] is a sequence of
elements
V := (σ1, . . . , σr; η1, . . . , η2g′)
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such that the following conditions are satisfied,
(1) G is generated by the set of the sequence V;
(2) o(σi) = mi for all 1 6 i 6 r;
(3) σ1 · · ·σr ·
∏g′
i=1[ηi, ηg′+i] = 1G;
If such V exists, then G is said to be [g′;m1, . . . ,mr]-generated, we also call the pair
(G,V) as the algebraic data. Moreover if the following Riemann-Hurwitz relation
holds:
2g − 2 = |G|(2g′ − g +
r∑
i=1
(1−
1
mi
)).
then there exist a algebraic curve C of genus g with a faithful G-action and g′ is
the genus of the quotient D := C/G, the quotient map C → D is a Galois cover
branched in r points P1, . . . , Pr with branching numbers m1, . . . ,mr respectively. In
addition, the subgroups 〈σi〉 and their conjugates provide all the non-trivial stabi-
lizers, which is also called the isotropy group, of the action of G on C, the union
of all isotropy groups is denoted by Σ =
⋃r
i=1
⋃
g∈G g〈σi〉g
−1.
In the terminology of representations, let ϕ : G → GL(H1,0(C)) be the rep-
resentation given by the action of G on C. For any irreducible representation
ρ : G→ GL(V ) with V a finite dimensional vector space over C. We denote Ni,k(ρ)
as the multiplicity of µkmi as an eigenvalue of ρ(σi), here µmi := exp(
2π
√−1
mi
) and
0 6 k 6 mi − 1. For the character of ϕ, we have
Theorem 2.7 (Chevalley-Weil formula [16, 18]). In the notations above, let χ0
be the trivial character of degree 1 on G. For each χ ∈ G∗ and ρ is its corresponding
representation, it holds
〈χ, χϕ〉 = χ(1G)(g
′ − 1) +
r∑
i=1
mi−1∑
k=1
k ·Ni,k(ρ)
mi
+ 〈χ, χ0〉.
Remark 2.8. Under the assumption above, in addition, suppose G is abelian
and g′ > 1. Then for each χ ∈ G∗, dimC(H1,0(C)χ) 6= 0 if and only if the following
holds
σ /∈ Ker(χ) for some σ ∈ Σ, i.e. σ = σki for some 1 6 i 6 r, 1 6 k 6 mi − 1.
Let θχ be the non-zero holomorphic 1-form( usually not unique ) so that the action
of g ∈ G is given by g∗θχ = χ(g)θχ, the above condition gives a criterion of the
existence of such forms.
2.4. 3-folds isogenous to a product.
Definition 2.9. A n-fold X is called isogenous to a (higher) product of curves,
if there exist algebraic curves C1, . . . , Cn of genus at least 2 and a finite group
G 6 Aut(C1 × · · · × Cn) acting freely on the product C1 × · · · × Cn such that
X ∼= (C1 × · · · × Cn)/G.
It is clearly that a variety X isogenous to a product of curves is smooth, pro-
jective, of general type and its canonical class KX is ample.
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Definition 2.10. Let G 6 Aut(C1 × · · · ×Cn) be a subgroup. Then we define:
(1) the diagonal subgroup G0 := G ∩ [Aut(C1)× · · · ×Aut(Cn)];
(2) the subgroups Gi := G ∩ [Aut(C1 × · · · × Ĉi × · · · × Cn)× Aut(Ci)];
(3) the group homomorophism ψi : Gi −→ Aut(Ci), induced by the natural
projections
Aut(C1 × · · · × Ĉi × · · · × Cn)×Aut(Ci)→ Aut(Ci)
The kernel of ψi is denoted by Ki and let Ki,j = Ki ∩Kj for i, j = 1, 2, . . . , n and
i 6= j. We say that G is of unmixed type if G = G0 and otherwise of mixed type.
And we say the quotient X = (C1 × · · · × Cn)/G is of mixed type (resp. unmixed
type) if and only if G is of mixed type (resp. unmixed type). We say the G-action
is minimal if Ki,j is trivial for all i 6= j and absolutely faithful if the kernels Ki are
trivial.
Definition 2.11. Let G be a finite abelian group with K1,K2,K3 three normal
subgroups, and let Vi be the generating vector for the quotient group G/Ki for each
1 6 i 6 3 respectively. The six tuple A = (G,K1,K2,K3,V1,V2,V3) is called an
algebraic datum for some G if the following conditions are satisfied:
(1) Ki ∩Kj = {1G} for each 1 6 i < j 6 3;
(2) Σ1 ∩ Σ2 ∩Σ3 = {1G}.
here Σi is the union of non-trivial stabilizers of the action G on each factor Ci
under for i = 1, 2, 3.
Remark 2.12. Apply the Riemann existence theorem we construct 3-fold isoge-
nous to a product of unmixed type from the algebraic datum A as following. For each
algebraic data (G/Ki,Vi), there exists an algebraic curve Ci with a faithful group ac-
tion G/Ki, and we denote the non-faithful action of G by ψi : G→ Aut(Ci), hence
we have Ki = Ker(ψi). They induce an action of G on the product C1 × C2 × C3.
Then let X = (C1 × C2 × C3)/G be the quotient variety. The second condition
which call the freeness condition makes sure the action of G on C1 × C2 × C3 is
free so that the quotient X is a 3-fold isogenous to a product of curves.
3. The bound of |Aut0(X)|
Set-up: LetX be a minimal canonical Gorenstein 3-foldX of general type. Assume
that X has maximal Albanese dimension. Set G := Aut0(X).
Theorem 3.1. Let X be a 3-fold as in set-up. Then |Aut0(X)| 6 6. Moreover,
if X is smooth and KX is ample, |Aut0(X)| 6 5.
For the proof of Theorem 3.1 we need the following lemma.
Lemma 3.2. Let X be a 3-fold as in set-up. Then we have:
(1) each non-trivial σ ∈ G has at least one fixed point on X;
(2) the quotient X/G is of general type and has maximal Albanese dimension.
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Proof. To prove (1), let σ ∈ G be a non-trivial automorphism. Seeking for a
contradiction, suppose thatX〈σ〉 = ∅, then the quotient map π : X −→ X¯ = X/〈σ〉
is e´tale. It follows that
(3.1) χ(ωX) = deg(π)χ(ωX¯)
Since σ acts trivially onHi(X,C) ∼= Hi(X,Q)⊗C, it also acts identity onHi(X,ωX)
for all i > 0 by the Hodge decomposition. On the other hand
Hi(X¯, ωX¯) = H
i(X,ωX)
〈σ〉 = Hi(X,ωX)
for all i > 0. Therefore
(3.2) χ(ωX) = χ(ωX¯)
From the two equalities (3.1) and (3.2) we have χ(ωX) = 0. However, X being a
Gorenstein canonical 3-fold of general type implies that χ(ωX) > 0; we thus get a
contradiction.
For (2), let a : X → A := Alb(X) be the Albanese map of X . Notice that G
acts identity on H1(X,OX); for any σ ∈ G, the induced map σ¯ on A is either a
translation or the identity. Since Xσ 6= ∅ and a(Xσ) ⊆ Aσ¯, σ¯ must be the identity.
Then the quotient map X −→ X¯ factors through the Albanese map of X , and we
get a commutative diagram as following:
X
π
//
a

❅❅
❅❅
❅❅
❅❅
X¯
a′
⑦⑦
⑦⑦
⑦⑦
⑦⑦
A
According to the universal property of Albanese map a we have a′ is the Albanese
map of X¯. As the map a is generically finite onto its image and the quotient map π
is finite, so is a′. Hence X¯ has maximal Albanese dimension. For X¯ being of general
type, by Theorem 2.3 in the paper [15], it suffices to show that the cohomology
locus V 0a′(ωX¯) := {α ∈ Pic
0(A)|Hi(X,ωX ⊗ a
′∗α) 6= 0} generates Pic0(A). On
account of the generic varnishing theorem (see [19, 20]), for general α ∈ Pic0(A),
we have χ(ωX¯) = h
0(X¯, ωX¯ ⊗ a
′∗α). By the equality (3.2) we obtain χ(ωX¯) > 0,
and so V 0a′(ωX¯) contains a dense open subset of Pic
0(A) which implies that V 0a′(ωX¯)
generates Pic0(A).

Proof of Theorem 3.1. Set X¯ := X/G; we perform the canonical resolu-
tion of the quotient map π : X → X¯ to obtain the following commutative diagram:
Y
π¯
//

Y¯

X
π
// X¯
where Y¯ → X¯ is any nonsingular resolution of X¯ such that the G-action of X can
be lifted to Y¯ ×X¯X ; then resolving the G-fixed points and singularities on Y¯ ×X¯X
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yields a nonsingular 3-fold Y and a generically finite map π¯ : Y → Y¯ of degree |G|.
By construction we can write
(3.3) Vol(KY ) = |G|Vol(KY¯ +B)
for some effective Q-divisor B on Y¯ . Since X has only Gorenstein canonical singu-
larities and KX is nef, it is a minimal model of Y ; by Proposition 2.4, we have
(3.4) K3X = Vol(KY ),
and by Remark 2.5, it follows that
(3.5) K3Ymin = Vol(KY¯ ) 6 Vol(KY¯ +B)
where Ymin is a minimal model of Y¯ . Combining (3.3),(3,4),(3.5), K
3
X 6 72χ(ωX)
the Miyaoka-Yau inequality [24] for X , and 12χ(ωY¯ ) 6 K
3
Ymin
the Clifford-Severi
inequality [1, 32] for Ymin (the smooth model Y¯ of Ymin is general type and has
maximal Albanese dimension by (2) of Lemma 3.2) shows that
(3.6) 12|G|χ(ωY¯ ) 6 |G|K
3
Ymin
6 K3X 6 72χ(ωX)
As the map π is e´tale and X has Gorenstein canonical singularities, so does X¯
(see [21, Proposition 5.13] or [30, Proposition 1.7]), and by Remark 2.2 we obtain
χ(ωY¯ ) = χ(ωX¯). It follows from (3.6) that |G| 6 6. Moreover if X is nonsingular
and KX is ample, replacing the inequality K
3
X 6 72χ(ωX) by the Yau’s inequality
[31] K3X 6 64χ(ωX), we get |G| 6 5. 
4. 3-fold isogenous to a product of unmixed type
Algebraic surfaces S of general type with q(S) = 2 whose Aut0(S) 6= {1} lie in a
restricted class in the sense of surfaces isogenous to a product of unmixed type (see
[13, 23] for more details). This makes us pay attention to the same type of 3-folds;
the main result of this section is the following:
Theorem 4.1. Let X be a 3-fold isogenous to a (higher) product of unmixed
type and (C1×C2×C3)/G be its minimal realization. We denote by Ki the subgroup
of G that acts identity on Ci. Suppose G is abelian and X has maximal Albanese
dimension. If q(X) > 4, then X is rationally cohomologically rigidified; if q(X) = 3
and each Ki is cyclic, then Aut0(X) ∼= Z
k
2 for some k = 0, 1, 2.
In Section 4.1 we will prove Theorem 4.4, a more general result, which implies
the case q(X) > 4. Section 4.2 is prepare for the case q(X) = 3; the main results
are Proposition 4.6 which asserts that elements σ of Aut0(X) can be lifting to
Aut(C1×C2×C3) and Proposition 4.9 which says that automorphisms of X acting
trivially on H3,0(X) are sufficiently in Aut0(X). In Section 4.3, the case q(X) = 3
is proved. By Proposition 4.6 and 4.9 we have Aut0(X) = G3,0 which is the kernel
of the representation of A˜ut(X) on H3,0(X); we will show that G3,0 is contained
in a 2-elementary abelian group, hence Aut0(X) is a 2-elementary abelian group.
On the other hand, since X is a 3-fold isogenous to a product of unmixed type,
its invariants satisfies that K3X = 48χ(ωX). Replacing the Miyaoka-Yau inequality
of the proof of Theorem 3.1 by K3X = 48χ(ωX), we have |Aut0(X)| 6 4. Hence
Aut0(X) ∼= Z
k
2 for k = 0, 1, 2.
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4.1. Rational cohomological rigidity for the case q(X) > dim(X) + 1.
Let X = (C1 × C2 × · · · × Cd)/G be a d-fold (d > 2) isogenous to a product of
unmixed type, hereG is not necessary to be abelian. Using the following proposition
proved by the authors in [13], we can show that X is rationally cohomologically
rigidified when q(X) > d+ 1.
Proposition 4.2. Let X be a nonsingular complex variety of general type, and
f : X → C a fibration onto a curve C of genus g(C) > 2. Assume that Aut(F )
acts faithfully on H0(ωF ), where F is a general fibre of f . Then X is rationally
cohomologically rigidified.
Corollary 4.3. Let Y = C1 × C2 × · · · × Cd a complex variety of product
of curves with g(Ci) > 2 for each i = 1, 2, . . . , d. Then Aut0(Y ) is trivial. In
particularly Aut(Y ) acts faithfully on H0(ωY ).
Proof. The proof is by induction on d. It is well known when d = 1. Suppose
it is true for Y = C1×· · ·×Cd−1. Let us consider the projection pd : C1×C2×· · ·×
Cd → Cd as a fibration with general fibre F = C1 × C2 × . . . Cd−1. Since Aut(F )
acts faithfully on H0(ωF ), the induction hypothesis, then Aut0(Y ) is trivial by
Proposition 4.2. 
Theorem 4.4. Let X a complex variety of dimension d isogenous to higher
product of unmixed type with q(X) > d+ 1. Then Aut0(X) is trivial.
Proof. Let X ∼= (C1×C2×· · ·×Cd)/G. We can write q(X) =
∑d
i=1 g(Ci/G).
The assumption q(X) > d+ 1 implies that at least one g(Ci/G) > 2, suppose that
g(Cd/G) > 2. Now we consider the fibration f : X → Cd/G induced by the
projection C1 × C2 × · · · × Cd → Cd whose general fibre F ∼= C1 × C2 × · · · ×
Cd−1. By Corollary 4.3 we have Aut(F ) acts faithfully on H0(ωF ), and again using
Proposition 4.2 we are done.

4.2. Automorphisms of X descended from Aut(C1×C2×C3). Through-
out the rest of this section, X will be denoted a 3-fold isogenous to a product of
unmixed type with q(X) = 3, and (C1 × C2 × C3)/G be its minimal realization
where G is an abelian group. Let (G,K1,K2,K3,V1,V2,V3) be its associated al-
gebraic datum (see Definition 2.11). Set A˜ut(X) = (G × G × G)/K∆G where
K := K1 ×K2 ×K3 and ∆G the diagonal subgroup of G×G×G.
Lemma 4.5. With the notations above, we have A˜ut(X) ⊆ Aut(X).
Proof. We start with a group homomorphism
f := ψ1 × ψ2 × ψ3 : G×G×G→ Aut(C1 × C2 × C3).
By the definition of algebraic datum we can see that K = Ker(f). Since X is the
quotient C1×C2×C3 under the action of f(∆G), for any τ := (τ1, τ2, τ3) ∈ G×G×G,
we know that τ˜ = f(τ) induce an automorphsim of X if and only if it satisfies
τ˜ (gx) = g(τ˜(x)) for any g ∈ f(∆G) and x ∈ C1 × C2 ×C3, i.e. τ˜ in N(f(∆G)) the
normalizer of f(∆G) in Aut(C1×C2×C3). And this holds since G is abelian and f is
RUNNING TITLE / HEADER 11
a group homomorphism. Now we have a group homomorphismG×G×G→ Aut(X)
with kernel K∆G. It follows immediately that (G×G×G)/K∆G isomorphic to a
subgroup of Aut(X). 
Elements of A˜ut(X) can be lifted to Aut(C1 × C2 × C3), since (G × G ×
G)/K ∼= (G/K1)× (G/K2)× (G/K3) ⊆ Aut(C1 ×C2 × C3) and the quotient map
(G×G×G)/K → A˜ut(X) is surjective. To prove numerically trivial automorphism
can be lifted to Aut(C1 × C2 × C3), we have to show that Aut0(X) ⊆ A˜ut(X).
Proposition 4.6. Let X be a 3-fold as in Theorem 4.1. Then
Aut0(X) ⊆ A˜ut(X).
Proof. Let fi : X −→ Ci/G be the fibrations induced by the projections
pi : C1 × C2 × C3 −→ Ci, and let σ ∈ Aut0(X) which is not the identity. First
we show that σ preserves all the fibrations fi and induces identity on the bases C¯i,
where write C¯i = Ci/G. To do this, let us focus on one fibration f1 : X −→ C¯1.
Our aim is to show that for any fibre F of f1, σ(F ) supported on fibres of f1. As
σ acts trivially on H2(X,Q), identifying the algebraic cycle class [F ] with a class
in H2(X,Q), we conclude that[F ] ≡ [σ(F )]. Writing [σ(F )] = Γ1 + Γ2 + Γ3 where
Γi is the effective cycle supported on the fibres of fi respectively. Suppose there
at least one Γi 6= 0 among i = 2, 3. Without loss of generality we can assume
Γ2 6= 0, taking a curve C on F which dominant over C¯2 under the map f2, we have
[F ].[C] = 0. However it is evident that [σ(F )].[C] > Γ2.[C] > 0, contrary to the
fact [F ] ≡ [σ(F )], so [σ(F )] = Γ1.
On the other hand, by Theorem 4.4, we can assume that q(X) = 3; this implies
that all the base curves C¯i are elliptic (see [14, Proposition 3.15]). Since σ acts
identity on H1(X,Q) and f∗ : H1(C¯1,Q)→ H1(X,Q) is an inclusion, we have the
following commutative diagram:
X
σ
//
f1

X
f1

C¯1
τ
// C¯1
The induced map τ is either identity or translation on C¯1. By (1) of Lemma 3.2, σ
has at least one fixed point x on X , then f1(x) is a fixed point of τ , and so τ must
be identity.
Then we turn to proving the existence of a lifting of σ to Aut(C1 × C2 × C3).
Let Fij be a general fibre of fk for each permutation (i, j, k) of set {1, 2, 3}, which
isomorphic to Ci×Cj . By the previous argument, the automorphism σ preserves all
the fibrations fk : X −→ C¯k, we conclude that the restriction σi = σ|Fij∩Fik is an
automorphism of Ci, because Ci ∼= Fij ∩Fik. Thus we get a lifting σ˜ = (σ1, σ2, σ3)
of σ. Since σ induces identity on each bases C¯i, we have each σi lies in ∈ G/Ki,
which completes the proof. 
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We next consider the action of A˜ut(X) on H∗(X,C) restricted by Aut(X)-
action which is given by
ρX : A˜ut(X)→ GL(H
∗(X,C)), g 7→ [ω 7→ (g−1)∗ω]
It is clear that each Hodge summand Hp,q(X) is A˜ut(X)-invariant, and this gives
representations ϕp,q : A˜ut(X) → GL(H
p,q(X)). Similarly, the action of G on
C1 ×C2 ×C3 induces representations φp,q : G −→ GL(H
p,q(C1 ×C2 ×C3)) whose
characters are denoted by χp,q. Restricting the G-action on C1 × C2 × C3 we get
representations ϕi : G → GL(H
1,0(Ci)) in the same fashion. By the Ku¨nneth
theorem of the cohomology of the product space, we can see that the characters
χp,q can be write in terms of χϕi which is the character of ϕi.
χ1,0 =χϕ1 + χϕ2 + χϕ3 ;
χ1,1 =2Re(χϕ1χϕ2 + χϕ1χϕ3 + χϕ2χϕ3) + 3χ0;
χ2,0 =χϕ1χϕ2 + χϕ1χϕ3 + χϕ2χϕ3 ;
χ2,1 =χϕ1χϕ2χϕ3 + χϕ1χϕ2χϕ3 + χϕ1χϕ2χϕ3 + 2(χϕ1 + χϕ2 + χϕ3);
χ3,0 =χϕ1χϕ2χϕ3 .
Proof of these formulas can be find in the paper [18]. Combining all these together
we can decompose Hp,q(X) into irreducible A˜ut(X)-modules in terms of tensor
product of irreducible G-submodules of H1,0(Ci) or H
0,1(Ci) for i = 1, 2, 3.
Definition 4.7. Let (G,K1,K2,K3,V1,V2,V3) be an algebraic datum for some
3-fold X isogenous to a product of unmixed type.
(1) A character χ on G is called pre-admissible for some i if there exist
σ˜i ∈ Σi such that χ(σ˜i) 6= 1 and Ki ⊆ Ker(χ). Recall that Σi is the
union of non-trivial stabilizers of the action of G on each factor Ci.
(2) A character χ1 ⊗ χ2 ⊗ χ3 ∈ G
∗ ×G∗ ×G∗ is called admissible character
of first kind if each χi is pre-admissible for i and χ3 = χ1χ2; it is called
admissible character of second kind if there exactly one χi is trivial, and
the other two characters are both pre-admissible and conjugated to each
other.
Let I1 (resp. I2) denote the set of all admissible characters of first kind (resp.
second kind), and set I = I1 ∪ I2.
For simplicity of notation, we write Wi instead of H
1,0(Ci). For each χ ∈ G
∗
we denote by Wχi := 〈θ
χ : θχ ∈ H0(Ci,Ω
1
Ci
)〉 (resp. Wχi := 〈θ
χ : θχ ∈ H0,1(Ci)〉),
where θχ (resp. θχ) stands for the holomorphic 1-form (resp. antiholomorphic
1-form) on Ci so that g
∗θχ = χ(g)θχ (resp. g∗θχ = χ(g)θχ) for any g ∈ G.
Lemma 4.8. Let X be a 3-fold as in Theorem 4.1.
(1) For each pair (p, q) with p+ q = 2 or 3, we have
Hp,q(X) =
{⊕
ψ∈I H
p,q(X)ψ if p+ q = 3;⊕
ψ∈I2 H
p,q(X)ψ if p+ q = 2
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where ψ = χ1⊗χ2⊗χ3, and H
p,q(X)ψ 6= 0 in each decompositions above;
(2) each Hp,q(X)ψ can be represented by sum of tensor product of irreducible
A˜ut(X)-submodule of Wi. More precisely, we have
H3,0(X)ψ =Wχ11 ⊗W
χ2
2 ⊗W
χ3
3
H2,1(X)ψ =W
χ
1
1 ⊗W
χ2
2 ⊗W
χ3
3 ⊕W
χ1
1 ⊗W
χ
2
2 ⊗W
χ3
3 ⊕W
χ1
1 ⊗W
χ2
2 ⊗W
χ
3
3
H2,0(X)ψ =

Wχ1 ⊗W
χ¯
2 ⊗H
0,0(C3) if ψ = χ⊗ χ¯⊗ 1;
Wχ1 ⊗H
0,0(C2)⊗W
χ¯
3 if ψ = χ⊗ 1⊗ χ¯;
H0,0(C1)⊗W
χ
2 ⊗W
χ¯
3 if ψ = 1⊗ χ⊗ χ¯.
Replacing W χ¯i in H
2,0(X)ψ by Wχi we get the decomposition of H
1,1(X)ψ.
And Hq,p(X)ψ = Hp,q(X)ψ for each pair (p, q).
Proof. We start with the decomposition H3,0(X) =
⊕
ψ∈A˜ut(X)∗ H
3,0(X)ψ,
since A˜ut(X) = (G×G×G)/K∆G is a finite abelian group, andH
3,0(X) is regarded
as an A˜ut(X)-module. For any ψ ∈ A˜ut(X)∗, we can write ψ = χ1⊗χ2⊗χ3 for some
characters χi ∈ (G/Ki)
∗ . Identifying each χi as a character on G such that Ki ⊆
Ker(χi) under the natural inclusion map (G/Ki)
∗ →֒ G∗, they satisfy χ1χ2χ3 = 1.
Conversely, for each triple characters (χ1, χ2, χ3) satisfy these properties there is a
ψ ∈ A˜ut(X)∗ corresponding to it. On the other hand, X is a quotient of C1×C2×C3
under G-action, using the Ku¨nneth Theorem we get
(4.1) H3,0(X) = H3,0(C1 × C2 × C3)
∆G =
⊕
ψ∈A˜ut(X)∗
Wχ11 ⊗W
χ2
2 ⊗W
χ3
3
By Theorem 2.7 and Remark 2.8, we have Wχi 6= 0 if and only if χ is a pre-
admissible character for i, hence Wχ11 ⊗ W
χ2
2 ⊗ W
χ3
3 6= 0 if and only if χ1 ⊗
χ2 ⊗ χ3 is an admissible character. Now let’s fix one ψ = χ1 ⊗ χ2 ⊗ χ3 ∈ I.
By Lemma 4.5, an element τ˜ ∈ A˜ut(X) can be lift to Aut(C1 × C2 × C3); let
(τ1, τ2, τ3) be one of its lifting characters. Then τ˜ acts on W
χ1
1 ⊗W
χ2
2 ⊗W
χ3
3 via
(τ1, τ2 τ3)
∗θχ1 ⊗ θχ2 ⊗ θχ3 = χ1(τ1)χ2(τ2)χ3(τ3)θχ1 ⊗ θχ2 ⊗ θχ3 , where θχi ∈ W
χi
i .
Since ψ(τ˜ ) = χ1(τ1)χ2(τ2)χ3(τ3) and from the decomposition (4.1), we have showed
that Wχ11 ⊗W
χ2
2 ⊗W
χ3
3 = H
3,0(X)ψ.
Similar arguments apply to rest H2,1(X), we have
H2,1(X)ψ =W
χ
1
1 ⊗W
χ2
2 ⊗W
χ3
3 ⊕W
χ1
1 ⊗W
χ
2
2 ⊗W
χ3
3 ⊕W
χ1
1 ⊗W
χ2
2 ⊗W
χ
3
3 .
Now we describe the decomposition of H2,0(X). Notice that the admissible
character appearing in the direct summands of H2,0(X) are all second kind. There
three forms of admissible character of second kind, in each case we associate a
submodule as following:
H2,0(X)ψ :=

Wχ1 ⊗W
χ¯
2 ⊗H
0,0(C3) if ψ = χ⊗ χ¯⊗ 1;
Wχ1 ⊗H
0,0(C2)⊗W
χ¯
3 if ψ = χ⊗ 1⊗ χ¯;
H0,0(C1)⊗W
χ
2 ⊗W
χ¯
3 if ψ = 1⊗ χ⊗ χ¯.
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Replacing W χ¯i by W
χ
i we get components of H
1,1(X)ψ. Finally Hq,p(X)ψ =
Hp,q(X)ψ follows from the Hodge Theorem.

Proposition 4.9. Let X be a 3-fold as in Theorem 4.1. Assume q(X) = 3 we
have Aut0(X) = Ker(ϕ3,0), in other words, automorphisms of X acting trivially on
H3,0(X) are also acting trivially on H∗(X,Q).
Proof. Set Gp,q = Ker(ϕp,q), then Aut0(X) =
⋂
p,q∈ZGp,q. It is sufficient to
show the followings are hold:
(1) Gp,q = Gq,p;
(2) G1,0 = {idX};
(3) G2,1 = G3,0, G2,0 = G1,1;
(4) G3,0 ⊆ G2,0.
(1) follows from the Hodge theorem Hq,p(X) = Hp,q(X). Since Aut(X) acts triv-
ially on H1,0(X), we have (2).
To show (3), let τ˜ ∈ A˜ut(X) and (τ1, τ2, τ3) be a representative of τ˜ . For
ψ = χ1 ⊗ χ2 ⊗ χ3 ∈ I, by Lemma 4.8 the actions of τ˜ on H
3,0(X)ψ and H2,1(X)ψ
are both scalar multiplication by ψ(τ˜ ) = χ1(τ1)χ2(τ2)χ3(τ3), which is independent
with the choice of (τ1, τ2, τ3). Thus we have G2,1 = G3,0 =
⋂
ψ∈I Ker(ψ). In the
same manner we can see that G1,1 = G2,0.
To show (4), by Lemma 4.8 each admissible character of second kind corre-
sponds to a irreducible subrepresentation of H2,0(X) and vice versa. It follows
that G2,0 =
⋂
ψ∈I2 Ker(ψ), since G3,0 =
⋂
ψ∈I Ker(ψ), and so G3,0 ⊆ G2,0. 
Remark 4.10. For irregular surfaces which is not of maximal Albanese dimen-
sion, Jinxing Cai and Wenfei Liu (see [12, Example 4.6]) find one S isogenous to
a product of curves with q(S) = 1 and Aut0(S) ∼= Z4, a generator for this group
can’t lift to an automorphism of the product of curves associated to the minimal
realization of S.
4.3. The case q(X) = 3. Let (G,K1,K2,K3,V1,V2,V3) be the algebraic da-
tum as Section 4.2. Assume K1,K2,K3 are three cyclic subgroups of G ( some
of them are possible to be trivial). Given three non-trivial elements σ˜i ∈ Vi, let
I(σ˜1, σ˜2, σ˜3) = {χ1⊗χ2 ⊗χ3 ∈ I|χi(σ˜i) 6= 1 for all i} be the subset of I associated
to the triple (σ˜1, σ˜2, σ˜3). We denote by G(σ˜1, σ˜2, σ˜3) =
⋂
ψ∈I(σ˜1,σ˜2,σ˜3)Ker(ψ) and
G˜(σ˜1, σ˜2, σ˜3) := G(σ˜1, σ˜2, σ˜3)/K∆G.
Proposition 4.11. With the notation above, we claim that G˜(σ˜1, σ˜2, σ˜3) is
either trivial or a 2-elementary abelian group.
Proof of the second part of Theorem 4.1.
Since Aut0(X) ⊆ G˜(σ˜1, σ˜2, σ˜3), by Proposition 4.11 and |Aut0(X)| 6 4 we have
proved that Aut0(X) ∼= Z
k
2 with k = 0, 1, 2. 
Before we can prove Proposition 4.11 we give a classification of algebraic da-
tum with respect to the triple (σ˜1, σ˜2, σ˜3). Let σi be a representative of σ˜i. The
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classification is according to the relations between σi and subgroups Ki, KiKj . In
each class we construct one kind of admissible character which will be used in the
proof of Proposition 4.11.
Let H be a subgroup of G and a character φ ∈ (G/H)∗, by abuse of nota-
tion, we use the same letter φ for a character on G via the natural inclusion map
(G/H)∗ →֒ G∗, thus we have H ⊆ Ker(φ). A character β ∈ H∗ can be lifted to G∗
via the natural surjective map G∗ → H∗, for abbreviation, we continue to write β
for the character on G such that β(g) = 1 for any g /∈ H .
Classification of algebraic datum w.r.t the triple (σ˜1, σ˜2, σ˜3).
Type A1,3: σ1 /∈ K3 and σ3 /∈ K1. After choosing representatives σi of σ˜i for
i = 1, 3 such that σ1, σ3 /∈ K1K3; for abbreviation we write σ1, σ3 in
stead of their images in the quotient group G/K1K3. If rank〈σ1, σ3〉 =
2, by Frobenius theorem we can find φ1, φ3 ∈ (G/K1K3)
∗ such that
φ1(σ1) 6= 1, φ3(σ3) 6= 1 and φ1(σ3) = φ3(σ1) = 1, then φ1φ¯3 ⊗ 1⊗ φ¯1φ3 ∈
I(σ˜1, σ˜2, σ˜3). If rank〈σ1, σ3〉 = 1, we can choose φ ∈ (G/K1K3)
∗ so that
φ(σi) 6= 1 for both i = 1, 3, then φ⊗ 1⊗ φ¯ ∈ I(σ˜1, σ˜2, σ˜3).
Type B1,3: σ1 ∈ K3, σ2 /∈ K3 and σ3 /∈ K1. If σ3 /∈ K2, we are in type
A2,3, 1 ⊗ φ ⊗ φ¯ is admissible for some φ ∈ (G/K2K3)
∗ as in the con-
strction of type A1,3, and so is β3 ⊗ β¯3φ ⊗ φ¯ for some β3 ∈ K
∗
3 . If
σ3 ∈ K2, we can choose β3 ∈ K
∗
3 , β2 ∈ K
∗
2 , φ ∈ (G/K2K3)
∗ such that
β3(σ1) 6= 1, β2(σ3) 6= 1, φ(σ2) 6= 1, then β¯2β3 ⊗ φβ¯3 ⊗ φ¯β2 ∈ I(σ˜1, σ˜2, σ˜3).
Type C1,3: σ1 ∈ K3, σ2 ∈ K3, and σ3 /∈ K1. We can choose the representa-
tive σ3 /∈ K1K3. Choosing β3 ∈ K
∗
3 and φ ∈ (G/K1K3)
∗ such that
β3(σ1) 6= 1, β3(σ2) 6= 1, φ(σ3) 6= 1, then β3φ¯⊗ β¯3 ⊗ φ ∈ I(σ˜1, σ˜2, σ˜3).
Type D1,3: σ1 ∈ K3, σ2 /∈ K1K3 and σ3 ∈ K1. We can choose representative
σ2 /∈ K1K2K3. Choosing β1 ∈ K
∗
1 , β3 ∈ K
∗
3 , φ ∈ (G/K1K2K3)
∗ such that
β1(σ3) 6= 1, β3(σ1) 6= 1, φ(σ2) 6= 1, then β3 ⊗ β¯1β¯3φ⊗ φ¯β1 ∈ I(σ˜1, σ˜2, σ˜3).
Type E1,3: σ1 ∈ K3, σ2 ∈ K1K3 and σ3 ∈ K1. The freeness condition implies
that 〈σ1〉 ∩ 〈σ2〉 ∩ 〈σ3〉 = {1}. So we can choose β1 ∈ K
∗
1 , β3 ∈ K
∗
3 such
that β3(σ1) 6= 1, β1(σ2)β3(σ2) 6= 1, β1(σ3) 6= 1, then β3 ⊗ β¯1β¯3 ⊗ β1 ∈
I(σ˜1, σ˜2, σ˜3).
Remark 4.12. The other type with different subscript index is in same fashion,
for example, type A1,2 means σ1 /∈ K2 and σ2 /∈ K1. For a given algebraic datum
we can associate it different types; for example a type C1,3 is also a type A1,2, how-
ever, it is unique for fixed subscript index. The role of the subscript index here is
that we wish to change its corresponding components of an admissible character so
that it is still admissible. For example, given a type A1,3 algebraic datum with an
admissible character χ1 ⊗ χ2 ⊗ χ3; we want χ1χ ⊗ χ2 ⊗ χ3χ¯ to be still admissible
for suitable χ ∈ (G/K1K3)
∗.
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Proof of Proposition 4.11.
Let τ˜ = (τ1, τ2, τ3)K∆G ∈ G˜(σ˜1, σ˜2, σ˜3); we can choose (τ
′
1, τ
′
2, 1) to be a rep-
resentative of τ˜ , since (τ1, τ2, τ3) = (τ1τ
−1
3 , τ2τ
−1
3 , 1)(τ
−1
3 , τ
−1
3 , τ
−1
3 ), which means
(τ1, τ2, τ3) and (τ1τ
−1
3 , τ2τ
−1
3 , 1) are in the same coset. We can therefore assume
that τ˜ = (τ1, τ2, 1)K∆G ∈ G˜(σ˜1, σ˜2, σ˜3).
Step 1: We claim that if o(τ˜ ) > 2, there is some i = 1, 2 such that τi ∈ K3.
Set G1 = G/K1; we can choose τ1 such that 〈τ1〉 ∩ K1 = {1}, then o(τ1) =
o(τ1K1). Since K1 ∩ K3 = {1}, we can identify K3 as a subgroup of G1 under
the quotient map G → G1. It follows that o(τ1K3) = o(τ1K1K3) = [〈τ1K1〉 :
〈τ1K1〉 ∩K3].
Step1.1. We first show that o(τiK3) 6 2 for all i.
Suppose, for the sake of contradiction, that o(τ1K3) > 2. Our goal is to find
an admissible character χ1 ⊗ χ2 ⊗ χ3 and a character χ ∈ G
∗ with the following
properties:
(a) χ(τ1) 6= 1 and K1K3 ⊆ Ker(χ);
(b) χ1χ⊗ χ2 ⊗ χ3χ¯ ∈ I(σ˜1, σ˜2, σ˜3) .
By Lemma 4.8 the above two admissible characters correspond to two irreducible
subrepresentations of H3,0(X) such that τ˜ acts on these spaces via scalar multi-
plication by χ1(τ1)χ2(τ2) and χ1(τ1)χ(τ1)χ2(τ2) respectively. Since τ˜ acts trivially
on H3,0(X), we get χ1(τ1)χ2(τ2) = χ1(τ1)χ(τ1)χ2(τ2) = 1, which implies that
χ(τ1) = 1, and this contradicts to the choice of χ. We will show the existence of
these characters case by case.
Type A1,3. By abuse of notation, we use the same latter σ1, σ3, τ1 for their images
in G/K1K3. If τ1 /∈ 〈σ1, σ3〉, by Frobenius theorem there is a character χ satisfied
(a) and 〈σ1, σ3〉 ⊆ Ker(χ), then χ1χ ⊗ χ2 ⊗ χ3χ¯ ∈ I(σ˜1, σ˜2, σ˜3) for any given ad-
missible character χ1⊗χ2⊗χ3, which is (b). For τ1 ∈ 〈σ1, σ3〉 we divide two cases
according to rank〈σ1, σ3〉. If rank〈σ1, σ3〉 = 2, since o(τ1) > 2, apply (1) of Lemma
4.13 to σ1, σ3, τ1, there are characters φ1, φ3, χ ∈ (G/K1K3)
∗ such that χ satisfies
(a) and φ1φ¯3 ⊗ 1 ⊗ φ¯1φ3, φ1φ¯3χ ⊗ 1 ⊗ φ¯1φ3χ¯ ∈ I(σ˜1, σ˜2, σ˜3). If rank〈σ1, σ3〉 = 1,
apply (2) of Lemma 4.13 to σ1, σ3, τ1, there are characters χ, φ ∈ (G/K1K3) with
properties χ satisfies (a) and φ⊗ 1⊗ φ¯, φχ⊗ 1⊗ φχ ∈ I(σ˜1, σ˜2, σ˜3).
Type B1,3 to type E1,3. Let χ1 ⊗ χ2 ⊗ χ3 be the admissible character con-
structed in each type. For type B1,3, since o(τ1K1K3) > 2 , we can find a character
χ ∈ (G/K1K3)
∗ such that χ(τ1) 6= 1 and χ3(σ3)χ(σ3) 6= 1 as the proof of Lemma
4.13. For type C1,3 to type E1,3, and any χ ∈ G
∗ with property (a), we have
χ(σ1) = χ(σ3) = 1 (since σ1 ∈ K3, σ3 ∈ K1), hence χ1χ ⊗ χ2 ⊗ χ3χ¯ is admissible
for these types.
Step 1.2. Now it is sufficient to exclude the case o(τ1K3) = o(τ2K3) = 2.
In this case, we have τ21 , τ
2
2 ∈ K3, which means τ˜
2 = (k′3, k
′′
3 , 1)K∆G for some
k′3, k
′′
3 ∈ K3. Since K3 is cyclic, we can replace the representative of τ˜
2 by (k3, 1, 1)
for some k3 ∈ K3. We claim that τ˜ has order 2.
Type A1,3 case 1. If σ2 ∈ K3 (resp. σ2 ∈ K1), φ1φ¯3β3 ⊗ β¯3 ⊗ φ¯1φ3 (resp.
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φ1φ¯3β3 ⊗ β¯3β1 ⊗ β1φ1φ3) is admissible, where φ1, φ3 are the characters as in defi-
nition of type A1,3 and β3 (resp. β1) is a lifting of a generator for K
∗
3 (resp. K
∗
1 ).
Since τ˜2 acts trivially on the subspace of H3,0(X) corresponding to this admissible
character, we can see that φ1(k3)φ¯3(k3)β3(k3) = β3(k3) = 1, which implies that
k3 = 1, and that τ˜
2 is identity.
Type A1,3 case 2. We can assume σ2 /∈ K3 ∪ K1; if one of the following
condition holds:
(i) σi ∈ K2 for some i = 1, 3;
(ii) 〈σiK2〉 6= 〈σ˜2〉 in G2 = G/K2 for some i = 1, 3;
(iii) 〈σiK2〉 = 〈σ˜2〉 in G2 and o(σ˜2) > 2 for some i = 1, 3.
Suppose that either (i) or (ii) holds for i = 1, then there is a character φ2 ∈
(G/K1K2)
∗ satisfying φ2(σ2) 6= 1, φ2(σ1) = 1; if (iii) holds for i = 1, we can find
φ2 ∈ (G/K1K2)
∗ satisfying φ2(σ2) 6= 1 and φ1(σ1)φ2(σ1) 6= 1. For any cases we
have two admissible characters φ1φ2φ¯3 ⊗ φ¯2 ⊗ φ¯1φ3 and φ1φ2φ¯3β3 ⊗ β¯3φ¯2 ⊗ φ¯1φ3.
In the same manner we can see that β3(k3) = 1, and that τ˜
2 is identity. It only
remains to consider the case 〈σ1K2〉 = 〈σ3K2〉 = 〈σ˜2〉 and o(σ˜2) = 2. We can
choose σ2 such that σ2 = σ1 = σ3, then (σ1, σ2, σ3) = (σ2, σ2, σ2) which implies it
has fixed points on C1 × C2 × C3; this violates the freeness condition of algebraic
datum.
Type B1,3 to type E1,3. If we choose β3, a constituent of χ1 in the associated
admissible character for each type, to be a generator for K∗3 . We can deduce that
β3(k3) = 1 for each case and that τ˜
2 is identity.
Step 2: By step 1 we have τ2 ∈ K3. Multiplying by (τ
−1
2 , τ
−1
2 , τ
−1
2 ) we may assume
that τ˜ = (τ1τ
−1
2 , 1, 1)K∆G. The crucial observation is that o(τ1τ
−1
2 K1K2) 6 2.
Suppose, for the sake of contradiction, that o(τ1τ
−1
2 K1K2) > 2. Likewise, as the
case o(τ1K3) > 2 in step 1, we can find an admissible character χ1 ⊗ χ2 ⊗ χ3 and
a character χ ∈ G∗ for type A1,2 to type E1,2 with the following properties:
(1) χ(τ1τ
−1
2 ) 6= 1 and K1K2 ⊆ Ker(χ);
(2) χ1χ⊗ χ2χ¯⊗ χ3 ∈ I(σ˜1, σ˜2, σ˜3).
So it follows that χ1(τ1τ
−1
2 ) = χ1(τ1τ
−1
2 )χ(τ1τ
−1
2 ) = 1, which implies χ(τ1τ
−1
2 ) = 1,
and we get a contradiction.
Step 3: By step 1 and step 2 we can write τ˜2 = (τ, 1, 1)K∆G for some τ ∈
K1K2 ∩ K3. If K1K2 ∩ K3 = {1}; it implies that τ˜ has order 2. Suppose that
K1K2 ∩ K3 6= {1}: then τ = k3 = k1k2 for appropriate ki ∈ Ki. We will show
that τ˜ has order 2 case by case; this contradicts to our assumption o(τ˜ ) > 2 which
proves the proposition.
Type A1,2. The associated admissible character is φ ⊗ φ¯ ⊗ 1 for some φ ∈
(G/K1K2)
∗, and there are characters β1, β2 ∈ G∗ such that βi(kj) = δij and
K3 ⊆ Ker(βi) for i = 1, 2, then so is φβ2 ⊗ φ¯β1 ⊗ β1β2. Applying the trivial τ˜
2-
action on the subspaces of H3,0(X) corresponding to φβ2 ⊗ φ¯β1 ⊗ β1β2, we have
φ(τ)β2(τ) = β2(τ) = 1. On the other hand β2(τ) = β2(k1k2) = β2(k2) 6= 1, hence
we get a contradiction.
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Type B1,2. We have σ1 ∈ K2, σ2 /∈ K1 and σ3 /∈ K2. If σ2 /∈ K3, the
associated admissible character is β2 ⊗ φ ⊗ φβ2 for some φ ∈ (G/K2K3)
∗ and
β2 ∈ K
∗
2 . Similarly, we obtain β2(k1k2) = β2(k2) = 1. If σ2 ∈ K3, the associated
admissible character is β¯3β2 ⊗ β3φ ⊗ φβ2 for some φ ∈ (G/K2K3)
∗, β2 ∈ K∗2 and
β3 ∈ K
∗
3 . Replacing the representative (k1k2, 1, 1) by (1, 1, k
−1
2 ), Similarly, we can
get φ3(k2)β2(k2) = β2(k2) = 1. However, in both cases we can choose β2 such that
β2(k2) 6= 1.
Type C1,2, type D1,2, and type E1,2. Respectively, the associated admissible
characters are in the form β2φ⊗ φ¯⊗ β¯2, β2 ⊗ β1φ⊗ φβ1β2 and β2 ⊗ β1 ⊗ β1β2. In
each case, we have β2(k1k2) = β2(k2) = 1, and we get a contradiction as before. 
Lemma 4.13. Let G be a finite abelian group, given three non-trivial elements
σ1, σ2, τ ∈ G. Assume that o(τ) > 2 and τ ∈ 〈σ1, σ2〉, we have the following
properties:
(1) if rank〈σ1, σ2〉 = 2, then there exist characters φ1, φ2, χ ∈ G
∗ such that:
(i) χ(τ) 6= 1;
(ii) φ1(σ1) 6= 1, φ2(σ2) 6= 1 and φ1(σ2) = φ2(σ1) = 1;
(iii) φ1(σ1)χ(σ1) 6= 1 and φ2(σ2)χ¯(σ2) 6= 1.
(2) if rank〈σ1, σ2〉 = 1, then we can find characters φ, χ ∈ G
∗ such that:
(i) χ(τ) 6= 1;
(ii) φ(σi) 6= 1 for each i;
(iii) φ(σi)χ(σi) 6= 1 for each i.
Proof. We first prove (1). Since rank〈σ1, σ2〉 = 2, by Frobenius theorem we
can find characters η1, η2 ∈ 〈σ1, σ2〉
∗ which satisfy (ii), they are lifted to characters
φ1, φ2 on G via the natural surjective map G
∗ → 〈σ1, σ2〉∗.
If τ ∈ 〈σ1〉, by assumption o(τ) > 2, we can choose φ1 such that o(φ1(τ)) > 2.
Then we take χ = φǫ1 for some ǫ = 1, 2 such that (i) and (iii) hold. (i) holds
for both ǫ = 1, 2 since o(φ1(τ)) > 2. For (iii), as χ(σ2) = 1 it is enough to let
φ1(σ1)χ(σ1) = φ
1+ǫ
1 (σ1) 6= 1. If φ
1+ǫ
1 (σ1) = 1 for both ǫ = 1, 2 then we have
φ1(σ1) = 1 which is a contradiction.
If τ /∈ 〈σi〉 for each i, then we can write τ = σ
a1
1 σ
a2
2 for some 1 6 ai 6 o(σi)−1.
Since o(τ) > 2 we have o(aiσi) > 2 for some i, and choose φi such that o(φi(aiσi)) >
2. Then we take χ = φǫi , as the case τ ∈ 〈σ1〉 we can see (i) and (iii) hold for some
ǫ = 1, 2.
Now we turn to prove (2). Since 〈σ1, σ2〉 is a cyclic subgroup, let σ be its
generator, then we can take φ to be a lifting of a generator for the dual subgroup
〈σ〉∗. Clearly, such φ satisfies (ii). Since o(τ) > 2, φǫ(τ) 6= 1 for both ǫ = 1, 2. For
χ = φ suppose φ(σi)χ(σi) = 1 for some i = 1, 2 without loss of generality we can
assume i = 1, then φ(σ1)
2 = 1, which implies o(σ1) = 2; in this case we can take
χ = φ2, then φ(σ1)χ(σ1) 6= 1, and if φ(σ2)χ(σ2) 6= 1, we are done. Otherwise, we
have φ(σ2)
3 = 1 which implies o(σ2) = 3, then 〈σ1, σ2〉 ∼= Z6; in this case we take
χ = φ4, then χ(τ) 6= 1 (since o(τ) = 3 or 6), φ(σ1)χ(σ1) 6= 1, and φ(σ2)χ(σ2) 6= 1.
Thus χ = φǫ will satisfy (i) and (iii) for some ǫ = 1, 2 or 4. 
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5. Examples
We construct explicitly 3-folds X isogenous to a product of unmixed type with
Aut0(X) ∼= Z2 and Z2 ⊕ Z2, also a series 3-folds Zn which are product of quotient
of curves with unbounded |Aut0(Zn)|. Singularities of the Z are not Gorenstein
which have index 2; it indicates that the condition of Gorenstein in Theorem 3.1 is
necessary.
Let n1, n2, n3 be positive integers. Take G = 〈e1, e2, e3〉 = Z2n1 ⊕ Z2n2 ⊕ Z2n3
and Ki = 〈ei〉 for i = 1, 2, 3. Choose generating vectors Vi = (m ·σiKi; ejKi, ekKi)
for every permutation (i, j, k) of 1, 2, 3, where m = o(σiKi) and the notation m ·
σiKi means that it appears m times. Let φi be the characters on G such that
φi(ej) = δij , the Kronecker symbol. By Remark 2.12 the above algebraic datum
determines a 3-fold X isogenous to a product of unmixed type with q(X) = 3. In
following examples, the corresponding admissible characters (see Definition 4.7) are
φk22 φ
k3
3 ⊗φ
k1
1 φ
−k3
3 ⊗φ
−k1
1 φ
−k2
2 with ki are integers. Apply Theorem 4.1 we have the
following corollary.
Corollary 5.1. With above notations, we can calculate Aut0(X) by solving
equations in (G ×G ×G)/K∆G defined by admissible characters. More precisely,
we have Aut0(X) = (
⋂
χ1⊗χ2⊗χ3∈I Ker(χ1 ⊗ χ2 ⊗ χ3))/K∆G.
Example 1 (Aut0(X) ∼= Z2 ⊕ Z2). If we take σ1 = e
n3
3 , σ2 = e
n1
1 , σ3 = e
n2
2 . Since
φi(e
ni
i ) = −1, by the choice of σi and the definition of admissible character we have
all the ki must be odd. Let τ = (e
x1
2 e
x2
3 , e
x3
1 e
x4
3 , 1) ∈ G×G×G be a representative
of an element of Aut0(X) with xi ∈ Z. Then τK∆G ∈ Aut0(X) if and only if the
following equations hold:
φ1(e1)
k1x3φ2(e2)
k2x1φ3(e3)
k3(x2−x4) = 1
for all odd integers ki. In particular from the two equations
φ1(e1)
x3φ2(e2)
x1φ3(e3)
x2−x4 = φ1(e1)3x3φ2(e2)x1φ3(e3)x2−x4 = 1
we get φ1(e1)
2x3 = 1. Since φ1(e1) is a primitive 2n1-th root of unit we have
2n1|2x3 thus the possible value of x3 is n1 or 0. Applying this argument again we
have x1 = n2 or 0 and x2 − x4 = n3 or 0. By corollary 5.1 we have Aut0(X) =
〈(en22 K1, e
n1
1 K2,K3), (e
n2
2 K1, e
n3
3 K2,K3)〉
∼= Z2 ⊕ Z2.
Example 2 (Aut0(X) ∼= Z2). If we take σ1 = e
n3
3 , σ2 = e
n1
1 , σ3 = e
n1
1 e
n2
2 . Then
we must have k1 is odd, k2 is even and k3 is arbitrary. We see that Aut0(X) =
〈(en22 K1,K2,K3)〉
∼= Z2 .
Another example can be taken σ1 = e
n3
3 , σ2 = e
2
1, σ3 = e
n2
2 then k1 is arbitrary
and k2, k3 is odd. We have Aut0(X) = 〈(e
n2
2 K1, e
n3
3 K2,K3)〉
∼= Z2.
Example 3 (Product quotient with non-Gorenstein singularities). Sup-
pose n = n1 = n2 = n3 (n > 1). Take σ1 = e
n
2 e
n
3 , σ2 = e
n
3 , σ3 = e
n
2 . The corre-
sponding algebraic datum determines 3-fold Zn which is a quotient (C1×C2×C3)/G
of a product of curves of unmixed type, the G-action on C1 × C2 × C3 is not free.
To see this, consider σ = en2 e
n
3 . Since σK1 = σ1K1, σK2 = σ2K2, σK3 = σ3K3
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and σiKi has fixed point of G/Ki-action on Ci, hence (σ, σ, σ) has fixed points.
Clearly the quotient Zn has singularities of type
1
2 (1, 1, 1) which is not Gorenstein.
Even though, cohohomolgies H∗(Zn,C) of Zn can be identified with H∗(C1×C2×
C3,C)
G. The same arguments in Section 4 apply to Zn, we can see that Proposition
4.6 and Proposition 4.9 still hold for them. The algebraic datum shows that there
are only admissible characters of second kind φk22 ⊗ 1⊗φ
−k2
2 , φ
k3
3 ⊗φ
−k3
3 ⊗ 1, where
k2, k3 are odd integers, and from this we have Aut0(Zn) = 〈(K1, e1K2,K3)〉 ∼= Z2n.
Example 4 (some Ki is not cyclic and Aut0(X) ∼= Z2). Let G = Z
4
2 with
generators e1, e2, e3, e4, and let
K1 = 〈e4〉,K2 = 〈e2〉,K3 = 〈e1, e3〉.
Choose generating vectors V1 = (2 · e1K4; e2K4, e3K4),V2 = (2 · e3K2; e1K2, e4K2),
and V3 = (2 · e2K1K3; e2K1K3, e3K1K3); the admissible characters associated to
this algebraic datum are φ1φ3⊗φ1φ3⊗1, φ1φ2φ3⊗φ1φ3⊗φ2, φ1φ2φ3⊗φ1φ3φ4⊗φ2φ4.
By computing we have Aut0(X) = 〈(e3, e1, 1)K∆G〉 ∼= Z2.
It is reasonable to make the following conjecture:
Conjecture: Let X be a 3-fold isogenous to a product of curves, not necessary
unmixed type, with maximal Albanese dimension. Then Aut0(X) is either trivial
or isomorphic to Z2 or Z2 ⊕ Z2.
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